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GENERIC CHARACTER SHEAVES ON GROUPS OVER k[e]/(e r ) 


G. Lusztig 


Introduction 

0.1. Let k be an algebraic closure of the finite field F g with q elements where 
q is a power of a prime number p. Let G be a connected reductive group over 
k with a fixed split F g -rational structure, a fixed Borel subgroup B defined over 
F g , with unipotent radical U and a fixed maximal torus T of B defined over F g . 
Let g, b, t, n be the Lie algebras of G, B. T, U. We fix a prime number I / p. If 
A : T(F q ) —> Q* is a character, we can lift A to a character A : B(F q ) —» Q* 
trivial on U(F q ) and we can form the induced representation ind B | F 9 ^A of Cr(F g ). 
Its character is the class function G(F g ) —> Q; given by 

(a) y i-G ^ A (xyx~ l ). 

B(F,)«eB(F,)\G(F,)j 
xyx 1 £B(F q ) 

This class function has a geometric analogue. Namely, we consider the diagram 

T -G- G G where G — {( Bx,y ) G (. B\G ) x G]xyx~ l G B}, n(Bx,y) = y 
is the Springer map and h(Bx,y ) = d(xj/x _1 ); here d : B —> T is the obvious 
homomorphism with kernel U. Let £ be a fixed Q;-local system of rank 1 on T 
such that £® m = Q/ for some m > 1 prime to p. The geometric analogue of (a) 
is the complex L i = 7n h*£ G T>(G). (For any algebraic variety X over k, T>(X) 
denotes the bounded derived category of constructible Q^-sheaves on X.) When £ 
is defined over F g and has characteristic function A then L\ is defined over F g and 
its characteristic function is (up to a nonzero scalar factor) the function (a). Thus 
L\ can be viewed as a categoryfied version of the function (a). More precisely, 
L\ is (up to shift) a perverse sheaf on G: indeed, one of the main observations of 
[LI] was that the (proper) map 7r is small, which implies that L\ is an intersection 
cohomology complex; this was the starting point of the theory of character sheaves 
on G. see [L2], This point of view is useful since the complexes L\ are defined 
independently of the F g -structure and from them one can extract not only the 
characters (a) for any q but even their twisted versions defined in [DL], 
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0.2. For any integer r > 1 we consider the ring k r = k[e]/(e r ) (e is an indetermi¬ 
nate). Let G r = G(k r ) be the group of points of G with values in k r , viewed as 
an algebraic group over k of dimension r A where A = dim G. Let B, = B (k r ), 
T r = T(k r ), U r — U (k r ). Note that G r inherits from G a natural F q -structure 
and that B r . T r . U r are defined over F q . For r — 1, G r reduces to G; we would 
like to extend as much as possible the results in 0.1 from r = 1 to a general r. If 
A : T r (F q ) —» Q* is a character, we can lift A to a character A : B r (F q ) —> Q* 
trivial on U r {F q ) and we can form the induced representation ind B ^ F 9 jA of G(F q ). 
Its character is the class function G r (F q ) —> Q; given by 

(a) f/ A (gg'g- 1 ). 

B r (Fq )g£ B r (Fq,) \G r (F q ); 
gg'g~ 1 eB r ( F q ) 

It generalizes the function 0.1(a). Again this class function has a geometric ana¬ 
logue. Namely, we consider the diagram T r G r G r where 

G r — {(B r g, g') e ( B r \G r ) x G r ;gg'g 1 G B r }, 

7T r (B r g, g') = g\ h r {B r g , g') = d r {gg'g~ l )\ 

here d r : B r —> T r is the obvious homomorphism with kernel U r . We can identify 
T = )l(8)k* where y is the lattice of one parameter subgroups of T and T(k r ) = 
y 0 k* where k* is the group of units of k r . The isomorphism k* x k r_1 —> k*, 

(ao, cl i,..., a r — i) i—> ao + a,\c + • • • + a r _ie ? 1 , 

identifies T(k r ) with T x t r_1 . Let /i,..., / r _i be linear functions t —> k and let S 
be as in 0.1. We can form the local system £IEIEI.. MCf r _ 1 on Tx t r_1 = T(k r ) 
(for the notation Cf i see 0.3). The geometric analogue of (a) is the complex 
L = 7 v r \h*(S IE Cf 1 E ... E Cf r l ) G V(G r ). Again from the complexes L one 
can extract the characters (a) for any q. In this paper we are interested in the 
conjecture in [L3, 8(a)] according to which, when r > 2, L is (up to shift) an 
intersection cohomology complex on G r . provided that f r -i is sufficiently general. 
This would imply that there is a theory of generic character sheaves on G r . The 
conjecture was proved in [L3, no. 12] in the case where G = GL 2 and r = 2. 

In this paper we give a method to attack the conjecture for any G and even r 
(but with some restriction on p); we carry out the method in detail in the cases 
where r = 2 and r = 4 and we prove the conjecture in these cases (with some 
restriction on p). We also prove a weak form of the conjecture assuming that 
r — 3 (see Theorem 4.7). I believe that the method of this paper should be 
applicable with any r > 2. 

Our method is to first replace L by another complex K which is a geometric 
(categorified) form of the character of a representation constructed by Gerardin 
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[Ge] in 1975, then to try to describe explicitly the Fourier-Deligne transform of K 
on G r (viewed as a vector bundle over G). For r — 2 and r = 4 we show that this 
is a simple perverse sheaf of a very special kind, namely one associated to a local 
system of rank 1 on a closed smooth irreducible subvariety of G r ; by a result of 
Laumon, this implies that K is itself a simple perverse sheaf, up to twist. Finally, 
we show that L is a shift of K for the values of r that we consider and this gives 
the desired result. 

I wish to thank Dongkwan Kim for pointing out an inaccuracy in an earlier 
version of this paper. 

0.3. Notation. In this paper all algebraic varieties are over k. We fix a nontrivial 
homomorphism ^ : F p —» Q*. For any morphism / : X —» k let Xf = {(x, A) G 
X xk; X q —X = f(x)} and let i : Xf —» X be the Artin-Schreier covering (x, A) i-> x. 
Then qQ/ is a local system with a natural action of F p (coming from the F p -action 
( : (x, A) i —y (x, X + () on X); we denote by £/ the ^-eigenspace of this action (a 
local system of rank 1 on X). 

Let 5 — dim T. 

For x G G if X is an element of {j or a subset of g we write X X instead of 
Ad(x)X and x X instead of Ad(cc -1 )X. 

1. The complex I< 

1 .1. Let Xi,X 2 ,... and Y 1 .Y 2 ,... be two sequences of noncommuting indeter- 
minates. From the Campbell-Baker-Hausdorff formula we deduce the equality 

(e eXl e e2x2 ...) (e eYl Y * . ..) = e £Zl e 6 ' 22 ... 

where Zi = Z{(Xi, X 2 ,..., X t , Y\. Y 2 ,..., Yi), (i > 1) are universal Lie polynomials 
with coefficients in Z[(d) -1 ]. (Here e commutes with each AQ, Tj.) For example, 
z 1 (X 1 ,Y 1 )=X 1 + Y 1 , 
z 2 (X 1 ,X 2 , W, Y 2 ) = X 2 + Y 2 + [Xi, Yl]/ 2, 

z 3 (X 1 ,X 2 ,X 3 ,Y 1 ,Y 2 ,Y 3 ) = Xa+Fs + ^^i]-^, [X l7 Y 1 ]]/6-[Y 1 , [W,W]]/3. 
We deduce that if Xi,X 2 ,..., X[. X' 2 .... and Yf, Y 2 ,... are three sequences of 
noncommuting indeterminates then we have the equality 

( e £ Ah e e 2 X' _ . )( e 6Vi e e 2 V 2 _ _ )( e 6A le 6 2 A 2 _ _ _ )-l = g^W 6 ^ 2 . . . 

where it* = Ui(X [,..., X[. Yi,..., Y i? X 1 ,..., Xi), (i > 1) are universal Lie poly¬ 
nomials with coefficients in Z[(i!) -1 ]. For example, 

u 1 {X 1 ,Y 1 ,X[) = X[-X 1 + Y 1 , 


u 2 {X x , X 2 , Yi, Y 2 , X[, X' 2 ) = X' 2 - X 2 + Y 2 + [X[, Yi]/2 - [X[, X^/2 - [Y u X^/2, 
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Uz{X u X 2 , X 3 , Y u Y 2 , Y 3 , X', X', X') 

= X' - X 3 + X 3 + [X' 2 , Xi] + [X 2 , X,] - [X', X,] - [Y 2 , Xi] - [X(, [X(, Xi]]/6 
- [li, [X(, Xi]]/3 + [Xi, [X(, li]]/2 + [X', [X{, Xi]]/6 + [X(, [X 1; Xj]]/6 
+ [li, [Xi, Xi]]/6 + [Xi, [Xi, Xj]]/6 - [X l7 [X(, Xi]]/3 - [X 1} [X 1? X^/3. 


Note that 

(a) Ui (X [,..., X', Xi,..., Y h Xi,..., X ? ) = X' - X, + X, + zz' where 
u'=u'(X' 1 ,...,X'_ 1 ,Y 1 ,...,Y i _ 1 ,X 1 ,...,X i _ 1 ) 
is a Lie polynomial in X [,..., X'_ l7 Y\,..., X;-i, Xi,..., X^_i. 

1.2. We now fix r > 2. We write r = 2 r' if r is even and r = 2r' + l if r is odd. We 
always assume that p > r. Then for any X G g and any m > 1, the exponential 
e £ * Y G G> is well defined. For any Xi, X 2 ,..., X r _i in g we set 

\X U X 2 ,..., X r _i| = e £Xl e £2 - Y2 ... g <T r . 


We have an isomorphism of algebraic varieties 

G x g 7 '- 1 A G r 


given by 

(x, Xi, X 2 ,..., X r _i) i y x\X u X 2 ,..., X r _i| = \ x Xi, x X 2 ,..., x X r _i\x. 

This restricts to isomorphisms of algebraic varieties B x b r—1 S r , U x n 7 - 1 A 

U r , T x t r 1 —> T r . (The last isomorphism is the same as one in 0.2.) 

Let Xi, X 2 ,..., X r _i and Xi, X 2 ,..., X r _i be two sequences in g and let x, y be 
in G. We have 

(x\X u ... ,X r _i|)(y|Xi,... ,X r _i|) = xy|Zi,..., Z r _i| 

where X, = Zi( y X i,..., y Xj, Xi,..., X;) 6 g (z = 1,..., r — 1) with notation of 1.1 
and where [, ] becomes the Lie bracket in g; note that Z, t are well defined since 
p > r. Moreover, we have 

(®|X!,..., X r _ 1 |)(y| Xi,..., Yr^Dix |X l7 ..., X,-.!!)- 1 = xyx-^lh, ..., I7 r _1| 

where Ui = x u i ( y X 1 , ..., y X h Y ± ,..., X*, X Xt ..., Xi) G g (z = 1,..., r - 1) with 
notation of 1.1); note that Ui are well defined since p > r. 

1.3. Let (j): E —> X be an algebraic vector bundle with fibres of constant dimen¬ 
sion N. Let / : E —» k be a morphism such that for any x G X the restriction 
f x : (j)~ l {x ) —» k is affine linear. Let Xq be the set of all x G X such that f x is a 
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constant (depending of x) and let /o : X 0 —> k be such that /(e) = /o(/(e)) for 
all e G cj)~ 1 (X o). Let j : Xo —> X be the (closed) imbedding. We show: 

(a) 4>\£f = j\C fo [-2N]. 

For any x G X — X 0 we have iJ*(/ -1 (a;), Cf ) = 0 for all i. Hence 4>\Cf \x-x 0 = 0. 
We are reduced to the case where X = X 0 . In this case we have Cf = (j>*Cf 0 hence 

frCf = rc fo = C fo ®M*Qi = Cf 0 [- 2 N], 

as required. (We ignore Tate twists.) 

If in addition we are given a local system T on X and we denote <p*T and j*J- 
again by T, then from (a) we have immediately 

(b )<i> l (r®£f)<*j l (r®c fo )[-2N]. 

1.4. In the rest of this paper we assume that a nondegenerate symmetric bilinear 
invariant form (,) : g x g —» k is given and that a sequence A±, A 2 , ..., A r -\ of 
elements of t is given such that H r _ 1 is regular semisimple. This requires a further 
restriction on p in addition to the restriction p > r. 

For a subspace E of g we set E L = {( G g; (£, E) = 0}. 

Let X be the variety of all 

(Tx, y, X u X 2 ,..., X r _ 1; Y 1 ,Y 2 ,..., W_i) G (T\G) xGx g 2r “ 2 
such that xyx~ x G T and 

F/ (y ^ 1 * • • • j y ^.1 ■ ■ • • • > I ) • Xx, ■ ■ ■, Vy) G foi 1 ^ jT f 1, 

^■(.yXi,..., :y X,, Fi,..., Yj, Xi,..., Xj) G x b if j = r' and r is odd. 

We have a diagram 

G r f- if A k 

where 7r(Ta:, y, Xi,..., X r _i, Yi,..., Y r _ 1 ) = y|Yi,..., X r _i|, 
h(Tx, y, Xi,..., X r _i, Fi..... X r _i) 

— A ] { X Aj , Uj (yXl , . . . , yXy , Yf , ... ,Ij, Xl, • • • , Xj ) ) . 

j6[l,r-l] 


(Note that if x is replaced by tx, (t G T) in the last sum, the sum remains 
unchanged since t Aj = Aj for all j.) We define 1 : X —> T by 

i(Tx,y,Xi, X 2 , ... ,X r _i, Yi, Y 2 ,Y r -i) = xyx~ 1 

and we set £ = t*£. Let K = n\(£ ® £/,,) G V(G r ). Via the identification 
G r = G x g r_1 (see 1.2) we can regard G r as a vector bundle over G with fibre 
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g r 1 endowed with a nondegenerate symmetric bilinear form. Hence the Fourier- 
Deligne transform K e T>(G r ) along these fibres is well defined. More explicitly, 

for i — 1,2 we have the diagram G r 4^— G r x q G r k where p, is the projection 
to the i-\ h factor and 

ti(x\Y 1 ,...,Y r - 1 \,x\Rl,R2,---,Rr-l\) = ^ ( Yj,Rj). 

je[l,r-l] 


Then K = p 2 \{p\K ® £^/)[(r — 1)A] that is, 

K = p 2 \{p* 1 7v\(S ® Ch) <8> £h')[{r - 1)A], 

Let X be the variety of all 

(Tx, y, X u X 2 ,..., A r _i, hj, Y 2 ,..., Y r _i, R lf R 2 , • • •, R r -i) e (T\G) xGx g 3r ~ 3 
such that xyx~ x G T and 

X / (yAj,..., yXj , 1 1 ,..., Yj, ,..., Aj) 6 jt foi 1 A j A f 1 > 

Wj(yAi,..., yXj, Yi,..., Y ; , Ai,..., A ? ) e *b if j = r' and r is odd . 


We have a cartesian diagram 


A 


pi 


-x X 


G r X G G r G 


where 


pi(Txj y , A'i, ..., A,—i, Fi,..., Fd—i, ^?i, • • •, Rr—i) 
= (Tx,y, Ai,..A r _i, Yi,..., Y r _i), 


<j(Tx : y , Ad i... i A,— i, Fj,..., Fd—i, i,..., R r ~\) 

= (j/|Yi,..., Y r _i|, y|i?i,..., i? r _i|). 


IF = p 2 !(cn(£ ® jCh')[( r ~ 1)A] 

= P 2 \cr\(S ® <8> A/,/,) = (p 2 cr)\(£ ® £^)[(r - 1)A] 


It follows that 
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where h" — /?tri : X —\ k, h! = h'a : X —» k, h — h! + h" : X —> k and the inverse 
image of £ under X —> T. 

( Tx, y, -X'r, • • •, -A r _i, 1 i,..., Y r —-i, i?i,..., .R r _i) i ^ xyx 
is denoted again by £. Thus, 

K = n((£ ® C~ h )[(r - 1 )A] 
where t:' : X G r and h : X —> k are given by 

7r (Tx, , A),..., A,— i, V,,..., ^, .fib,..., R r —\) y |,..., R 7 —i|, 

h(T x, y, Ad,..., Af—i, Y[,..., Y—i, Ri, • • •, Rr— i) 

= ^ ^ (Yj, Ry) + ^ ^ (x-Aji Uj( y X \,..., yXj, Yi,..., Yj, Ad,..., Xj)). 

je[i,r-i] ie[i,r-i] 

1.5. Let X" be the variety of all 

(Tx, y, X\, X 2 ,■ ■ ■, X r — 2 , Yi, Y 2 ,..., Y r _ 2 , Ri, R 2 , • • •, R r -i) 

G (T\G) X G X fl (r- 2 ) + (r- 2 ) + (r-l) 

such that xyx~ 1 G T and 

u j(yX i; • • • j yXj, ■ • • •, Y), Ad,..., Xj ) G jjt foi Y jY r 1, 

, yXj, Y\,, Yj, Xi,..., Xj) G a;b if j = r' and r is odd . 

(The equations make sense since if 1 <j<r' — 1 then j < r — 2 and since when 
r is odd we have r' — r — r' — 1 < r — 2.) We dehne y ’■ X —» T" by 

(Tx, y, Xi, X 2 ,..., X r -i, Yi, Y 2 ,..., Y r _i, Ri, R 2 , ■ ■ ■, R r -i ) | —> 

(Tx, y, X\, X 2 , ■ ■ ■, X r - 2 , Yi, Y 2 ,..., Y r _ 2 , Ri, R 2 , • • •, Rr-i)- 

This is a vector bundle; for a fixed 

s = (Tx, y, X\, A 2 ,. ■ •, X r - 2 , Yi, Y 2 ,..., Y r _ 2 , Ri, R 2 , • • •, R?’-i) £ Y", 

the fibre // _ 1 (s) can be identihed with g 2 with coordinates Ad—i, Y r _i. The re¬ 
striction of h to /j _ 1 (s) is of the form 

(X r — 1 , Y r _i) 1 >■ (Y r — 1 , R r —1 T x yf r _i T c 
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where c is a constant depending on s. We use that ( x Aj, y X r _i — X r -i) = 0; this 
holds since yx A r - 1 = x A r - 1 (recall that xyx G T). Thus this restriction is 
affine linear and is constant precisely when R r -\ — — x A r _Hence the results in 
1.3 are applicable. Let X be the variety of all 


(Tx, y , Xi, X 2 , .. •, X r - 2 , Yi, Y 2 ,..., Y r - 2 , R 1 , i? 2 , • • •, -R?--i) £ dT 


such that R r —i — — x A r -i. We define 7 r : df —> G r , h : Y —> k by 


ir(Tx, y , Wi, X 2 ,..., X r _ 2 , W, Y 2 ,..., Y r _ 2 , i?i, -R 2 , ..., -R,--i) 
= y|-Ri, -R2, • • •, Rr—i |; 


h(Tx , y , Xi, X 2 ,..., X r _ 2 , Yi, Y 2 ,..., Y r _ 2 , -Ri, R 2 , ■ ■ ■, R r - 1 ) 

— ^ (Yj, R,j ) + ^ ..., y Xj, Yi,..., Yj, Xi ,..., Xj)) 

j&[l,r-2] j€[l,r- 2 ] 

X ( x A r — 1 , u r _^ ( y X \,..., yX r —2i Y ]_,..., Y r —2 1 X \,..., X r _ 2 )), 
with notation of 1.1(a). The inverse image of £ under Y —> T, 

(Tx,y,Xi,X 2 ,... ,X r _ 2 , Yi, Y 2 ,..., Y r _ 2 ,i?i, R 2 , • • •, Rr-i) ^ au/aY 1 
is denoted again by £. Then from 1.3(b) we deduce 
(a) Ji = 7 fi(£ (g) £/-)[(r — 5)A], 

Let C C 0 be the G-orbit of — A r -i for the adjoint action, a regular semisimple 
orbit. Let V = {( y,R ) G G x C; y R = R}. Let E be the support of K (a closed 
subset of G r ). From (a) we see that 

E C {j/|Ri, R 2 , • • • 5 Rr—i | G G r ; ( y , R r -i) G Y}. 

It is likely that E is a smooth subvariety of G r , isomorphic to a vector bundle 
over V with fibres isomorphic to (t J -) r-2 . We will we show that this is the case at 
least when r G {2, 3, 4}. Moreover, it is likely that when r is even, K is up to shift 
the intersection cohomology complex associated to a local system of rank 1 on the 
smooth closed subvariety E. We will show that this is the case when r G {2,4} 
and that the analogous statement is not true when r — 3. 

1.6. The method used in 1.5 to eliminate the variables X r _i, Y r _ 1 can be used to 
eliminate all variables X r _ r /,..., X r _i, Y r _ r /,..., Y r _ 1 . Let X" be the variety of 

all 

(Tx, y , X 1 , X 2 ,..., X r — r i _ 1 , Y \, Y 2 ,..., Yj — r /_ 1 , Ri , _R 2 ,..., R r —i) 

G (T\G) XGX g r-l+2(r-r'-l) 
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such that xyx 1 G T and 

d/ (y X l ■ • • • j yXj , h'j.. .., Ty, X^,. .., Xj) G foi 1 A JA f 1) 

• • •, yXj, Yj, Xi,..., X ? ) G x b if j = r' and r is odd . 

(The equations make sense since if 1 <3 <r' — 1 then j < r — r' — 1 and since 
when r is odd we have r' — r — r' — 1.) We define fi\ : X X" by 

(Tx, y, Xi, X 2 ,..., X r _i, W, y 2 ,..., y r _i, i?i, i? 2 , • • •, Rr—i ) ^ 

(Tx, y , Xi, x 2 , • • • , X r — r i , Ti , y>,..., y—r'— i j R l ■ R 2 j • • •> Rr— 1) • 

This is a vector bundle; for a fixed 

s (Tx, y , X!, X 2 ,..., X r — r ' _i, I,, y>, • • •, Y r — r > _ 1 , Ri, R 2 ,..., R 7 — 1 ) G X, 
the hbre /j _ 1 (s) can be identified with g 2r with coordinates 


jUj-— ft , do , — 1 , fj-— j */, . . ., fj -—1 • 

The restriction of h to /r -1 (s) in an affine linear function. This follows from the 
fact that for j G [1, r — 1], the Lie polynomial 

is a linear combination of terms which are iterated brackets of indeterminates 
X' h , Yh, X}, with sum of indices equal to j (hence < r — 1) hence containing at 
most one X' h , W, or X/ ( with h > r — r'. (If they contained more than one, we 
would have 2(r — r') < r — 1 hence r < 2r / — f, a contradiction.) Hence the results 
in 1.3 are applicable and they result in a description of K which does not involve 
X r _ r /,..., X r _i, Y r — r i ,..., y r _i. But even after this method is applied, one needs 
further arguments to analyze K , as we will see in Sections 2 and 3. 


2. The cases r = 2 and r = 4 

2.1. In this subsection we assume that r = 2. Now 

X = {(Tx,y,R{) G (T\G) xG x Q-,xyx~ x G T, R t = - X A 1 .} 

We have n(Tx, y, R\) = y\R\\ and h : X —> k is identically 0. Using 1.5(a) we 
have 

(a) K = 7 fiT[—3A] 

Note that it dehnes an isomorphism of X with 

Z = {y\R 1 \eG 2 -,RieC,»R 1 = R 1 } 

and that Z is closed in G 2 (we use that C is closed in g). Moreover Z is a smooth 
subvariety of G 2 and it can be viewed as the imbedding Z —* G 2 . Since Z is 
closed in G 2 and smooth, irreducible of dimension A we see that 7 n£[A] is a 
simple perverse sheaf on G 2 . Hence K [4A] is a simple perverse sheaf on G> with 
support £ — Z. Using Laumon’s theorem [La], it follows that 
(b) K [4A] is a simple perverse sheaf on G 2 . 
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2.2. We now assume (until the end of 2.5) that r — 4. Now X is the variety of all 
(Tx, y, X u X 2 , Y u Y 2 , R 1} R 2 , R 3 ) G ( T\G) xGx g 7 
such that xyx~ x G T, y X\ — X\ +Y\ G x t and R 3 = — x A 3 . We have 
7 t(Tx. y, X 1} X 2 , Yi, Y 2 , Ri, R 2 , R 3 ) — y\Ri, Ra, Rs 1 • 

h(Tx, y, Xi, X 2 , Yi, Y 2 , Ri,R 2 , R 3 ) 

= (YijRj.) + (Y 2 , R 2 ) + ( x A 1 , y X 1 - Xi + W) 

+ (xA 2l y X 2 -X 2 + Y 2 + [ v x u Yi]/2 - [yX 1; Xi]/2 - [Yi, X^/2) 

+ ( X A 3 , [ y X 2 , Yi] + [X 2 ,Xi] - [ y X 2 ,Xi] - \Y 2 ,X 1 ] - [yXx, [yXi, Yl ]]/6 
- [Yi, [yXuYx]]/ 3 + [Xi, [ y Xx, Y x ]]/2+ [ y X u [ y X x , X^/6 + [ y Xx, [Y u X x ]]/Q 
+ [Y l5 [ v Xi, Xi]]/6 + [Yi, [Yi, Xi]]/6 - [Xi, [,X b X x ]]/3 - [X 1} [Y 1; Xi]]/3). 

We make a change of variable Yi = Xi — y X \ + x t where r G t. Then X becomes 
the variety of all 

(Tx, y, t , Xi, X 2 , Y 2 , Ri, R 2 , R3) G (' T\G ) x G x t x g 6 

such that xyx~ x G T and and i? 3 = — X A 3 . Now 7 T : X —> G 4 and h : X —* k 
become 

n(Tx,y,r,X 1 ,X 2 ,Y 2 ,R 1 ,R 2 ,R 3 ) = y\R 1 ,R 2 ,R 3 \, 

h(Tx, y, r, Xi, X 2 , Y 2 , i?i, i? 2 , # 3 ) 

= (Xi — y Xi + X T, i?i) + (Y 2 , i? 2 ) + (a;^4i, * T ) 

+ (a; A 2 , y X 2 — X 2 + Y 2 + [ y Xi, Xi + x r\/2 — [yXi, Xi]/2 — [—yXi + x t, Xi]/2) 
+ (^ 3 , [yX 2 , Xi - yXi + x r\ + [X 2 , Xi] - [ y X 2 , Xi] - [Y 2 , Xi] 

— [yX 1 , [yXi, Xi + cc'T - ]]/6 — [Xi — yXi + X T, [yXi, Xi + ®t]]/3 

+ [Xi, [ y Xi,Xi + *r]]/2 + [yXi, [yX 1 ,X 1 ]]/6+ [yXi, [-yXi + x t,X!]]/ 6 
+ [Xi — yXi + X T, [yXi, Xlj] / 6 + [Xi — yXi + X T , [ — yXi + X T , X X ]j / 6 

- [XiJyXi.Xi]]^- [X 1 ,[~yX 1 + x T,X 1 ]]/S). 

For i — 1, 2, 3 we have [Aj, r] = 0 since t is abelian; it follows that (A ?: , [£, r]) = 0 
for any £ G fl. We also have ( x Ai, y Xj — Xj) — 0; indeed the left hand side is 

( yx 1 Ai — x 1 Ai, Xj) and this is zero since xyx 1 Ai — Ai (recall that xyx~ x G T). 

Similarly we have (a;A 3 , [ y X 2 , — yXi] + [X 2 ,Xi]) = 0; indeed, the left hand side is 
( yx ~ 1 A 3 - X ~ X A 3 , [Xi, X 2 ]) = 0. We see that 

h(Tx, y, r, Xi, X 2 , Y 2 , Ri, R 2 , R 3 ) = (Xi - yXi + x r, Ri) 

+ (Y 2 , R 2 ) + { x Ai, x t) + ( X A 2 , Y 2 — [— yXi, Xi]/2) 

+ { x A 3 , —[Y 2 , Xi] + [yXi, [yXi, x r}}/ 6 + [Xi, [Xi, x r]]/6 
+ [Xi, [yXi, x t]]/ 6 + [ y X i, [yXi, Xi]]/6 + [Xi, [yXi, Xi]]/6). 
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Next we use the identity 

{xA 3 ,[Z, [Z', x t]]) = ( x t, [Z, [Z', x A 3 ]]) 

for any Z. Z' in g. (This follows from [ x As, x r] = 0.) We also use the equality 
( x A 3 , [yX\, [yX,,^]]) = ( x A 3 , [Xl, [X ltX T]]). 

(Since yx 1 r — x V, yx 1 As — x 1 As, the left hand side is 

( x As,y[X l, [W,xT]]) - r _ 1 A 3 , [X\, [Xi, x t]]) = (xAs, [Xi, [Xl, x r]]), 
as required.) We see that 

h{Tx, y, t, Xi, X 2 , Yi, Ri, R 2 , R 3 ) = (W- R 2 + X A 2 — [X\, x As\) 

+ ( xT 5 Ri + xA\ + [Xi, [Xi, x As]]/Q + [Xi, [ y X 1, x Asm + (Xi — y X\, R\) 

+ ( x A 2 , [ y X 1, Xi]/2) + ( x As, [„Xi, [ v Xi, Xi]]/6 + [Xl, [ y X x , Xi]]/6). 

2.3. LeYT = {(Tx,y,Xi, Ri, R 2 , Rs) £ (T\G)xGxQ‘ i ',xyx 1 G T, i? 3 + x A 3 = 0}. 
Let 7o be the closed subset of T consisting of all (Tx, y, Xi, i?i, R 2 , R 3 ) such that 

R2 + 1^2 — [Xi, x As\ = 0, 

Ri + xA\ + [Xi, [Xi, xM/3 + [Xi, [yXi, a;A 3 ]]/6 G ( ;E t)' L . 

Define ho : % —> k by 

ho(Tx, y, Xi, i?i, i? 2 , R3) = (Xi — yXi, Ri) + ( X A. 2 , [ y Xi, Xi]/2) 

+ ( X A S , [„Xi, [ y Xi,Xi]]/6 + [Xi, [ v Xi,Xi]]/6). 

Define X A T ^ G 4 by 

<p{Tx, y, r, Xi, X 2 , y 2 , i?i, R 2 , R3) = (Tx, y, X 1 ,R 1 , R 2 , Rs), 
(j)'(Tx,y,X 1 ,R 1 ,R 2 ,Rs) = y|Ri,R 2 ,R3| 

so that 7r' = <//</>. Now 0 is a vector bundle with fibres of dimension X = 2A + 5. 
Note that the restriction of h : X —» k to any fibre of <f> is affine linear and 
this restriction is constant precisely at the fibres over points in 7o; moreover the 
constant is given by the value of ho- Using 1.3(b), we see that 

(a) K=j,(£®jr~ ho )[-5A-25\ 

where j : 7q —> G 4 is the restriction of <//. 
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2.4. Let R be a regular semisimple element in g. Let be the centralizer of 

R in g; let Tr be the centralizer of R in T. For any z G Tr we define a linear 
map Er ;Z : t^ —> g/t^ by = [X, *£] mod where X is any element of 

g such that £ = [ X, R]. Note that such X exists; if X' is a another element such 
that £ = [X', R], then 2 1 (X' — X) G hence X’ = X + p for some p G t# and 
[X', z f] = [X, + [p, 2 £], Since [p, 2 £] G we see that our map H r }Z is well 

defined. 

2.5. Let C C g be the G'-orbit of —A 3 for the adjoint action, a regular semisimple 
orbit. Let Z be the subset of G 4 consisting of all y\Ri, R 2 , -R 3 I such that 

Rs G C; 

y e Tr 3 ; 

R-2 + X A 2 G t ^ 3 where Tx G T\G r is uniquely determined by i ?3 = —^4 3 ; 

Ri + x Ai + Er 3!1 (R' 2 )/3 + S R 3 } y-i(R ' 2 )/6 = 0 in g/t # 3 where R ' 2 = R 2 + X A 2 . 
Note that Z is closed in G 4 (we use that C is closed in g). Moreover Z is a smooth 
subvariety of G 4 . Indeed, V = {{y,R) G G xC\y G Tr) is clearly smooth and Z 
is a fibration over V with fibres isomorphic to x t 1 . 

From the definitions we see that To = <f>'~ 1 Z and that the restriction of <f> 
defines a morphism (f) : To —> Z whose fibres are exactly the orbits of the free 
Faction on To given by 


r : {Tx, y, Xi, R x , R 2 , R 3 ) ^ {Tx, y, X x + x r, R t , R 2 , R 3 ). 

Clearly, the local system S on To is the inverse image under <f>' of a local system 
on Z denoted again by 8 . Next we show that 

(a) the function ho : To —> k is constant on each orbit of the t- action on To 
that is, if r G t and {Tx, y, X x , R\, R 2 , Rs) G To, then 

ho(Tx , y, Xl + a ,t, i?i, R 2 , Rs) = h 0 {Tx, y, X x , R u R 2 , R 3 ). 

Thus, we must show that 

{Xl + X T — yX 1 — X T, Ri) + { x A 2 , [yX 1 + X T, Xl + x t]/2) 

+ {xAs, [yX 1 + x t, [yX 1 + x r,X 1 + x r]]/6 + [Xi + x r, [ y Xi + x t,X 1 + x r]]/6) 

= {Xl - yXi, Ri) + { x A 2 , [ v x u Xi}/2) 

+ { x As, [ y X u [ y X x , X x ]]/6 + [X x , [ V X U Xi]]/6). 

(We have used that xy r = ^r.) It is enough to show that 

{ x A 2 , [ x t , Xi]/2) + { x A 2 , [ y X 1 , x t\/2) 

+ {xA 3 , [ y X 1 , [yXi, x t]]/6 + [ y X 1 , [ x t , Xi]]/6 + [ x r, [ y X 1 , x r]]/6 
+ U T , [ y Xi,Xi]]/6 + [ a ; T , [ x r, Xi]]/6 + [Xi, [ y Xi, x t]]/6 + [Xi, [ x r, Xi]]/6 
+ [ x r, [ y Xi,Xi ]]/6+ [ x r, [ y X x , x r]]/6 + [ x r, [ x r, X x ]]/6) = 0. 
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Since ( x A i: \ x t, £]) = 0 for any ( G 0 , we see that it is enough to show 
(z^-35 [yX 1, [yX 1 , x t ]]/6 + [ y X 1, [ X T , Xi]]/6 + [Xi, [yXi, x t ]]/6 

+ [X 1 ,[ !B t,X 1 ]]/6)=0. 

It is enough to show the following two equalities: 

(b) Ms, [A [j/X, , ® t ]] + [X 1? [ x r,X!]]) = 0, 


(c) Ms, [„*!, Ur.Xi]] + [Xi, [yX liX T]]) = 0. 

The left hand side of (b) is 

(xM,y[X u [X Ux t]] - [Xi, [X lix r]]) = r _1 A 3 - k_1 A3, [X 1} [X, 
and this is zero since yx A 3 — x A 3 . The left hand side of (c) is 


■t]]> 


[aT, [yX^Xi]] 

and this is zero since { X A$, [ x r, £]) = 0 for any (£ 0 . This proves (a). 

From (a) we see that there is a unique morphism h : Z —* k such that ho(s) = 
h^cf)'(s)) for any s E To- It follows that £ ; ~ o = Now j : 7o —>• G 4 in 

2.3 is a composition j<f> where j : Z —> G 4 is the imbedding. It follows that 
j \{8 ® £^ o ) — jfS ® 4>\4>*jCfJ = ,?,(£ ® £^)[—25], Combining with 2.3(a) we see 
that 

k^ h (S®C h )[-5A-46\. 

Since Z is closed in G 4 and smooth, irreducible of dimension 3A — 25 we see 
that jf£ < 8 ) £ ; ~ )[3A — 25} is a simple perverse sheaf on G 4 . Hence X[ 8 A + 25} is a 
simple perverse sheaf on G 4 with support £ = Z. Using Laumon’s theorem [La], 
it follows that 

(b) IF[ 8 A + 25} is a simple perverse sheaf on G 4 . 

3. The case r = 3 

3.1. In this section we assume that r — 3. Now X is the variety of all 
(Tx,y,X 1 ,Y 1 ,R 1 ,R 2 ) E ( T\G ) x G x 0 4 
such that xyx~ x € T, y X\ — Xi + Y\ E x b and R 2 = — X A 2 . In our case we have 

K = irfS ® £~ h )[-2A} 
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where 7T : X — » G3 and h : X —> k are given by 

tt(Tx, y , Xi, Yi, i?i, i? 2 ) = y|-Ri, -R2I, 


h(Tx, y , Xi, Yi, i?i, -R 2 ) — (W, -Ri) + (z^-g y-W — Xi + Y x ) 

+ { x A 2 , [„X x , Y x ]/2 - [jXlX^/ 2 - [Y x , X x ]/2). 

Let 

X' = {(Tx, y, X x , i? x , R 2 , /?); (Tx, y) G (T\G) x G, (X x , i? x , i? 2 ) e 0 3 ,^G x b, 
xya ; -1 eT,R 2 = ~ x A 2 }. 

We define an isomorphism X —> X' by 

(Tx,y,X 1 ,Y 1 ,Ri,R 2 ) hg (Tx,y,X 1 ,R 1 ,R 2 ,/3) 

where (3 G x b is given by /3 — y Xi — X x + Y x . We identify X — X' via this 
isomorphism. Then 7 f, h become 

7 t(Tx,y,X 1 ,R 1 ,R 2 ,P) =y\R 1 ,R 2 \, 


h(Tx, y, X x , i?i, i? 2 , /?) — (X x — y Xi + (3, Ri) + { X A\, (3) 

+ ( x A 2 , [yX 1 ,X 1 - y X 1 +13 ]/2 - [ y X 1 ,X 1 ]/2 - [X x - y X 1 + /?, X x ]/2) 

= {X\ — y X 1 , i?i) + (a;X.i + i?l + [ K X 2 , Xi + y X X ]/2, /?) + (x^-2, [yX 1 , Xi]/2). 

Let 

Z = {(Tx, y, X x , i?i, i? 2 ) G (T\G) x G x g 3 ; xyx -1 G T, T 2 = -a;A 2 }, 

Zo = {(Tx, Hi Xi, i?i, i? 2 ) G Z; K A x + i?i + [a;X 2 , A' x + y X'i]/2 G x n} 

Define 7 Tq : Zo —> G 3 , ho : Zo —> k by 

ir' 0 (Tx,y,X 1 ,R 1 ,R 2 ) = y\Ri,R 2 \, 

ho(Tx, y, X x , i?i, i? 2 ) = (X x — y X x , T x ) + ( ;r X 2 , [ y Xi, X x ]/2). 

The map X' —> Z given by (Tx, y, X x , Ri, R 2 , f3 ) i-G (Tx , y, X x , i? x , R- 2 ) is a vector 
bundle with fibres isomorphic to b. Applying 1.3(b) to this vector bundle we see 
that 


K = ir' 0 ,(£ ® £~ ho )[-3A - 6} 
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where the inverse image of £ under Z 0 —> T, (Tx, y, X±, Ri, R 2 ) H> xyx~ x is 
denoted again by E. (We have used that 2 dim b = A + 5.) 

For any R G C (see 1.5) let T /,> be the centralizer of R in G and let t R be the 
centralizer of R in 0 . Let 1Z C Hom(t, k*) be the set of roots of 0 with respect to 
t; for any a G 1Z let 0 a be the corresponding (1-dimensional) root subspace and 
let e a : T —» k* be the correspondings root homomorphism. 

Let 1Z + = {a G R',Q a C n}, 7 Z~ =7 Z — 1Z + . For R G C let 0 ^ = © a€ R- xQ a , 
0 + — R — (B a en+xd a (where R = — X A 2 )-, we have a direct sum decomposition 
0 — 0 r© 1 r© 0 )(>. Hence for any X G 0 we can write uniquely X = X R + X R + X R 
with X R G 0 )), X R G 1r, X^ G q r . Let Z be the variety of all (y, X, Ri, R) where 
R G C, Ri G 0 , y G Tr, X G 0 fl such that X A\ + i?i + [ X A 2 , X + y X\/2 G x n 
for some/any x G G such that 7? = — X H. 2 . Define n : Z —> G 3 , h : Z —> k by 
7f(i/,X,i?i,i?) = R\, 

h(y, X, R\,R) = (X y X, 7?!). 

We dehne £ : Z 0 —> Z by (Tx, y, X, R\, R) hg (y, X R , Ri, R). This is well defined 
since, if /3 G b, R = - X A 2 and y G T R , then [ X A 2 , x /3 + y ( x fi)\ G *n. Now £ is a 
vector bundle with fibres isomorphic to b. Note also that 7 i' 0 — 7f£. We show that 
ho = /<• 

For a fixed (Tx, y, X, Ri, R ) G Zq we have X A\ + 7?i + [ X A 2 , X + y X\/2 G 
and in particular 

R\ + x Ai — 0 , 

(a) Ri = —[ x A 2 , X~ + y (X~)]/2 

where we write X + , X - , X° instead of X^, X R , X R . We must show that 
(X - y X, 7?i) + ( x H 2 , [yX, X]/2) - (X- - y(X~),R 1 ) 
or equivalently 

{X+ + X°- y (X++ X°), 7?.r) + { x A 2 , [ y (X+ + X°),X~]/2 
+ [ y (X~), X+ + X°]/2 + [ y (X+ + X°),X+ + X°]/2> = 0, 

that is, 

<V+ - „(V+), R r) + U 2 , [ v (X*),X-]/2 + [„(X-), V+l/2} = 0. 

In the left hand side we replace 77£ by the expression (a) and we obtain 

(V+ - y(X+), -M 2 , X- + „(X-)]/2> + ( x A 2 , [„(X+), X-}/2 + [ V (X-), X+]/2) 
= ( x A 2 , [X- + y (X~), X + - „(X+)]/2 + [„(X+), X“]/2 + [„(X-),X + ]/2) 

= < i 2 i 2 ,[x-,x+] - [„(*-), „(x+)]/ 2 > = <»*"% - ^C 2 ,[X-,X+]> = 0 
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since yx A 2 ~ x A 2 — 0. Thus our claim is proved. Applying 1.3(b) to the vector 
bundle ( we deduce 


K = K' [-4A - 25 }, K' = 7T, {£ ® C h ), 

where the inverse image of £ under Z —> T. (y. X. R 1 . R) 1 —> xyx~ x (where R — 
— x A 2 ) is denoted again by £. (We have used that 2 dim b — A + 5.) 

3.2. Let Z be the set of all y\R\, i?| G G 3 such that R G C, y G Tp and (Ri)^ — 
— X A\ where R = — X A 2 - This is clearly a closed, smooth subvariety of G 3 ; it is 
irreducible of dimension 2A — 5. For any R G C let Zp be the inverse image of R 
under the map G 3 —> C, y\Ri, R.\ eG R. 

Let R l y : p 1 p be the stalk at y\Ri, i?| G G r of the i-tli cohomology sheaf of K\ see 
3.1. We want to describe the vector spaces R y Ri R . Note that W y ^ Rl)R = 0 unless 
y\RiR\ G A: we now assume that this condition is satisfied. Using G-equivariance 
and the G-homogeneity of C. we see that we may also assume that R = —A 2 and 
we write W y Ri instead of R y Ri R . We have 

= H i c (*-\y\R 1 ,R\),£ »£,;)• 

For any X G 0 we can write uniquely X = X° + ^2 aeR X a where X° G t, X a G 0 a . 
Note that we have y X = A 0 + e a (y~ 1 )X a . 

Then 7 r _ 1 (y|i?ii?|) can be identified with the affine space 

(a) {{X-<*) aen+ -a(A 2 ){ 1 + e a (y))X~ a /2 = R~ a }. 

The restriction of h to 7 T~ 1 (y\RiR\) becomes the affine linear function 

(b) £ (l-e“(y))(X-“,B?). 

aE TZ+ 


We consider several cases. 

(1) for some a G 7Z + we have 1 + e a (y) =0 and R^ a 7 ^ 0; 

(2) for any a G 1Z + such that 1 + e a (y) =0 we have R^ a — 0 but for some such 
a we have Rf 0 ; 

(3) for any a G 1Z + such that 1 + e a (y) =0 we have R^ a — 0 and = 0; 

In case (1), the affine space (a) is empty and R l y Ri =0. 

In case (2), the affine space (a) is nonempty and (b) is non-constant hence 

For any j/GTwe set = {a G 1Z + ; 1 + e a (y) =0}. In case (3), the affine space 
(a) is nonempty of dimension equal to ft(S y ) and (b) is constant, hence W y Ri is 
1-dimensional if i — 2{t(S J/ ) and is 0 i ^ 2(t(S y ). 
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3.3. For any subset S of 1Z + let T“ — {y ^ T;E y — E} (the sets T“ form a 

partition of T). Note that T 0 is an open dense subset of T. For H C TZ + let Z R be 
the set of all y\RiR\ G Z R such that y G T“ and Rf = 0, = 0 for all a G S. 

The subsets are clearly disjoint. Let Z' R = Zr — U Sc r+Z|;. Note that for 
y|i?i, R\ G Z R , W y R] is 1-dimensional if i = 2jj(S) and is 0 if i ^ 2#(S). Moreover, 
for y\Ri, R\ G we have Ry = 0 for all i. We show that for any E C 1Z + we 
have 

(a) dim X R + 2jJ(E!) < dim Zr with strict inequality unless E = 0. 

Indeed, we have dimT^ = dimT“ + 2fj(7?.+ — E). On the other hand, dim = 
5 + 2(1(7?+). Thus (a) is equivalent to dimT“ < with strict inequality unless 
S = 0; this is obvious. 

From (a) we see that K r \z R satisfies half of the defining properties of an inter¬ 
section cohomology complex (the ones not involving Verdier duality). It follows 
that K'\z itself satisfies the same half of the defining properties of an intersection 
cohomology complex; moreover E (the support of K') is equal to Z. Hence the 
perverse cohomology sheaves of K'[ 2A — 5] satisfy p H l (K'[ 2A — d\) =0 for i > 0 
and P H°(K'[2A — cl]) is a simple perverse sheaf on G 3 . Since K — K'[— 4A — 25], 
it follows that p H l {K[ 6 A + 5]) = 0 for i > 0 and P H°(K [ 6 A + 5]) is a simple 
perverse sheaf on G 3 . Using Laumon’s theorem [La] we deduce: 

(b) p H l (K[ 6 A + 5]) = 0 for i > 0 and P H°{K[QX + 5]) is a simple perverse 
sheaf on G 3 . 

3.4. Let Z 0 be the set of all G Z such that for any a G R + we have 

e a (xyx~ 1 ) ^ —1 (where R = — x A 2 ); this is an open dense subset of Z. We define 
/ : Z 0 -> k by 


f(y\Ri,R\)= E -v 2 . ~t , SLn lW)M.«.n 


*en+ 


(a) 


E 

aeTZ 


a(A 2 ) 1 + e a (xyx~ 1 ) 


a(A 2 ) 1 + e a (xyx 1 ) 

— (( xRl )« : ( xRl )-«). 


For (y, X, Ri, R) G ir l (Z®) we have 

(b) f(n(y,X,R h R)) = h(y,X,R 1 ,R). 


To prove (b) we can assume that R = —A 2 . We then have 

h(y,X,R 1 ,R)= (1 -e a (y)){X- a ,R?). 

aeTZ+ 

Replacing here X _Q by q( ^ 2 ) (1 2 +ea ^ Rf a we obtain 

h(y,X,R 1 ,R) = E I 1 ~ e °fa» Q(j 4 2 ) ( i 2 + e <, (j/)) flf) = /falfii. fl|). 
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as required. Since h is an isomorphism j f _1 (X®) —> Z ® (by results in 3.3), we see 
that K'\ z <d is the rank 1 local system £ ® Cf on Z ® where the inverse image of £ 
under Z 0 —> T, H» xyx~ x (where R = — ^A^) is denoted again by £. It 

follows that the simple perverse sheaf P H°(K [6A + 5]) on G 3 is associated to the 
local system £ ® Cf on the locally closed smooth irreducible subvariety Z 0 of G3. 

3.5. It is likely that K'[ 2A — d] is a simple perverse sheaf on G3. This would 
imply that K[6 A + 5] is a simple perverse sheaf on G3. 


4. A COMPARISON OF TWO COMPLEXES 

4.1. We preserve the assumptions in 1.4. Let L be as in 0.2 where /; : t —> k is 
r 1 —y ( Ai , r) for i — 1,..., r — 1. In this section we describe a strategy for showing 
that a shift of L is isomorphic to K in 1.4. 

We define a sequence of algebraic varieties X r . X r _ \...., X r _ 2 r' as follows. For 
i G {r — r', r — r' + 1,r} let Xi be the variety consisting of all 
(Tx, y, X x ,..., X r _ 1; Yi,..., Y r _i) G (T\G) xGx g 2r ~ 2 
such that xyx~ x G B and 

by (y-Xi ,..., yXj , ,..., Yj , X \,..., Xj ) G x foi 1 —3 — f 1 • 

For i G {r — 2r', r — 2 r 1 + 1,..., r — r' — 1} let A) be the variety of all 
(Tx, y, *!,..., X r _i, W,..., Y r _i) G (T\G) xGx g 2r ~ 2 
such that xyx~ x G T and 

Uj{ y X r,..., yXj, li,..., Yj, Xi,..., Xj) G x t for 1 < j < r - r' - i - 1, 

UjiyX 1 ,..., yXj, Yi, ..., Yj, Xi,.. .,Xj) G x b for r - r 1 - i < j < r - r' - 1. 
For i — r, r — l,...,r — 2r' we have a diagram 


G r At, Ak 

where 7ri(Tx, y,X 1 ,..., X r _ 1; Yi,..., Y r _!) = y|Yi, Y 2 ,..., Y r _i|, 
hi{Tx : y, A'j,..., Yi,..., 1)._ ]) 

~ ^ ^ {x-Aj , Uj (yX 1 , . . . , yXj , Yl , . . . , Fj , Xl, . . . , Xj ) ) . 

be [1,7-—1] 


We define t : Xy — > T by t(Tx, y, Xi,..., X r _i, Yi,..., Y r _i) = d{xyx~ x ) where 
d : B —> T is as in 0.1. Let £ — i *£. The inverse image of £ under various maps 
to Xi is denoted again by £. 

Let Li = 71 'i\(£ ® ) £ T>(G r ). Let H be the kernel of the obvious map 

B r —* T, a connected unipotent group of dimension r(A + 5)/2 — S. Note that X r 
is a principal lb-bundle over G r in 0.2. It follows that L r = K[r( A+5)— 25]. On the 
other hand we have L = T r _ 2 r'■ We would like to show that L = K [r(A + 5) — 25]. 
It is enough to show that 

(a) L r T r _i • L r — 2 r'- 

Note that X r C X r _ r / C ... C X r > D X r /_ 1 D • • • D X r _ 2 r' ■ F° r r' < i < r — 1 let 
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7 r' : Xi — X i+1 —> G r , h\ : Xi — X i+ i —» k be the restrictions of n t . hi to Xj — X i+1 ; 
let L\ = p' it (£ ® £/,') G X(G r ). 

For r — 2r' + 1 < i < r' let ir" : Xi — Xi-\ —> G r , h" : X t — X t -\ —> k be the 
restrictions of 7 iy, /ij to A*; — X,_i: let L" — p "(£ <g) £/,//) € V(G r ). 

From the definitions we have distinguished triangles (X',Xi,X; + i) (for z = 
r', r' + 1,..., r — 1) and (L'-, L i: Li- 1 ) (for r — 2r' + 1 < i < r'). Hence (a) 
would follow from statements (b),(c) below. 

(b) L", = L" = ... = L ;'_ 2r , +1 = 0. 

(c) l;, = l ;, +1 = • ■ ■ = l;_, = o. 

Here is a strategy to prove (b),(c). 

For r — 2r' +1 < i < r' one should partition Xi — Xi -1 into pieces isomorphic to 
g so that the restriction of h'( to each piece is a nonconstant affine linear function 
and the restriction of £ is Q /. For r' < i < r — 1 one should partition Xi — Xi + i 
into pieces isomorphic to an affine space so that the restriction of /?/■ to each piece 
is a nonconstant affine linear function and the restriction of £ is Q/. This should 
give the desired result. In 4.2-4.5 we carry out this strategy in several cases which 
are sufficient to deal with the cases where r G {2, 3,4}. 


4.2. In this subsection we show that 
(a) L" = 0. 

Note that X r > — X r '-\ is the set of all 

(Tx,y,X 1 ,...,X r - 1 ,Y 1 ,...,Y r - 1 ) G (T\G) x G x 0 2r “ 2 
such that xyx~ x G B — T and 

UjiyX 1 ,..., yXj, Yi, ...,Yj,X 1 ,..., Xj) G x b for 1 < j < r - r' - 1. 

Let Z be the set of all 

(Tx, y,X 1 ,..., X r - 2 , Y t ..... Y r - t ) G (T\G) xGx 
such that xyx~ x G B — T and 

Uj{yX i,..., yX,. Yj,..., Yj, Xi,..., Xj) G x b for 1 < j < r - r' — 1. 

a a' 

Now tx'',, is a composition X r > — X r '-\ —> Z —> G r where 

cl ( Tx , y , X \,..., X,— i, X,..., T}—i) (XT, y , Xd,..., X,— 2 ; l 'i !•••■> Y— 1 ): 

a'(Xx, y, Xi, ..., X r _ 2 , Xi, L .., Y r _i) = y| Yi, ..., Y r _i|. 

It is enough to show that a;(T ® ) = 0. Clearly, £ is the inverse image under 

a of a local system on Z denoted again by £. Hence 


a\(£ <8) Ch",) — £ <S> ci\(Ch ",) 

and it is enough to show that ai(£v',) = 0 - If is a l so enough to show that for any 
s = ( Tx , y, Xi,..., X r _ 2 , Yi,..., Y r _i) G Z we have IL*(a - 1 (s), £/,« ) = 0. Now 

r t 

a - 1 (s) may be identified with the affine space 0 with coordinate X r _i and h", is 
of the form X r _i 1 —> ( x A r - 1 , y X r _i — X r _i) + c where c is a constant (for fixed 
s). It is enough to show that the linear form 

X r —i ^ ( x A r -i, y X r -i — X r - t ) - — X ~ 1 A r -i, X r -i) 
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on g is not identically zero. If it was identically zero, we would have yx H r _i = 
* H r _i hence xyx~ x centralizes H r _i hence xyx~ x E T contradicting xyx~ l E 
B — T. This proves (a). 

4.3. In this subsection we show that 
(a) L"i_i = 0 (assuming that r = 4). 

Note that X\ — X 0 is the set of all (Tx, y, Xi, X 2 , X 3 , Yi, Y 2 , Y 3 ) E ( T\G ) xGxg 6 
such that xyx~ l E T and y X { — X t + Y\ E x b — x t. 

We have a free action of g on X\ — Xq: 


E : (Tx, y, X 1; X 2 , X 3 , Y u Y 2 , Y 3 ) ^ (Tx, y, X 1; X 2 + E, X 3 + [E, X 1 ],Y 1 , Y 2 , Y 3 ). 


The orbit of (Tx, y, X\, 0, X 3 , Y\, Y 2 , Y 3 ) is 


O = {(Tx, y, X u E, X 3 + [E, X^, Yi, Y 2 , Y 3 ), E E g}. 

It is enough to show that H*(0, £ ® C h ") = 0 for any such O. Clearly £ = Q; on 
O. Hence it is enough to show that H*(0, £/,») = 0. We can identify O with the 
affine space g with coordinate E. On this affine space h'{ is of the form 

E ^ ( x A 2 , y E E) ( x A 3 , y[E, Xi] - [E, Xi] + [ y E, Y 1 ] + (E, X x ] - [ y E, X,]) + c 

where c is a constant (for our fixed O). We have 

( X A 2 , y E-E) = ( yx ~ 1 A 2 - X ~ 1 A 2 , E) = 0 

since yx A 2 — x A 2 (recall that xyx~ x E T). Hence h![ is of the form 

E H > ( x A 3 , [ y E, yX i] + [ y E, Y\\ — [yE, Xi]) + C = (yE, [£, X A^\) + c 

where £ = y X — X\ + Y\. It is enough to show that the linear form E K > 
( y E, [£, 3 ,^. 3 ]) on g is not identically zero. If it is identically zero we would have 
[£, x A 3 ] = 0 that is, £ is in the centralizer of X A 3 so that £ E x t, contradicting 
£ € xb — aT- This proves (a). 

4.4. In this subsection we show that 
(a) L' r _ x = 0. 

Note that X r _i — X r is the set of all 

(Tx,y,X 1 ,X 2 ,...,X r _ 1 ,Y 1 ,Y 2 ,...,Y r _ 1 ) E (T\G) x G x g 2r-2 
such that xyx ^ 1 G B and 

'Uj (y-^" 15 • • • 5 yXj j ^1 j • • • j •> 15 • • • 5 ) £ x for j — 1 j 2 ,... 5 7* 2 , 

'Uj (y-^"l y-^j "> 5 • • • 5 f i -^-l j • • • ? Xj ) ^ x ^ fo^ j ^ 1 • 

/ 

Now 7 r '_ 1 is a composition X r _i — X r Z —> where Z is the set of all 

(Bx, y, X 1 , X 2 ,..., X r _!, Y 1 ,Y 2 ,..., Yr-i) E ( B\G ) x G x g 2r “ 2 
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satisfying the same conditions as the points of X r -\ —X r and a is the obvious map. 
It is enough to show that a\(£ <g) £h' rl ) = 0. Clearly £ is the inverse image under 
a of a local system on Z denoted again by £. Hence a\(£ ® Ch' r l ) — £ ® cu(£/p_ ) 
and it is enough to show that a\(Ch ' r _ ) = 0. It is also enough to show that for any 
s = (Bx,y,X 1 ,X 2 ,...,X r _ 2 ,Y 1 ,Y 2 ,...,Y r _ 1 ) G Z we have H*(a~ 1 (s), C h ' r i ) = 
0. Now a _1 (s) may be identified with U by 

u ha (Tux, y, Xi, X r -i, Y 1: Y 2 , .. Y r - 1 ) 

where a; is a fixed representative of Bx. For j G [1, r — 1] we set 
£,j (yX 1, • • • , yXj , I 1 , ... ,Yj, X \, . . • , Xj ) G 0. 

Then hl r _ x becomes the function U —> k given by 

je[l,r-l] 

— ^ ((Ab Aj — €j) + (Ab 0)) + (^-r-1, £r-l) + (v.Ar-1 ~ A~-l) £r-l)- 

je[l,r-2] 


For j G [l,r — 2] we have G b hence ^ G ti so that (Aj, u ^j — Cj) — 0. 

Thus h , r _ 1 becomes the function U —» k given by 

u ^ (u-Ar-l — £r-l) + c 

where c is a constant (for fixed s). We identify U with n by u ha u H r _ x — 
A r - 1 . Then h! r _ x becomes the function n —> k given by ( ha (C,Cr-i) + c. This 
function is affine linear and nonconstant since £ r _i (fi b — tffi. It follows that 
H*(a~ 1 (s), £/p ) = 0 and (a) is proved. 

4.5. In this subsection we show that 

(a) L ' 2r ,_ 2 — 0 (assuming that r = 4). 

Note that X 2 — X 3 is the set of all 

(Tx, y, X x , X 2 , X 3 , Y x , Y 2 , Y 3 ) G (T\G) x G x g 6 
such that xyx~ x G B , 

(b) y Xi — X x + Y\ E x b, 

(c) y X 2 -X 2 + Y 2 + [ y X u Yi]/2 - [yX 1 ,X 1 ]/ 2 - [Y u X x }/2 £ x b. 

Let Z = {(Tx, y, Yf, Y 2 , Y 3 ) G ( T\G ) x G x g 3 ; xyx~ x G B}. The inverse image of 
£ under Z -A T, (Tx,y,Y x ,Y 2 ,Y 3 ) ha d(xyx~ l ) is denoted by £ 0 . 

a a' 

Now 7 t 2 is a composition X 2 — X 3 —y Z —y G r where 

aiTx^XuX^Xs^Y^Ys) = (Tx,y,Y 1 ,Y 2 ,Y 3 ), 
a'(Tx,y,Y 1 ,Y 2 ,Y 3 ) = y\Y 1 ,Y 2 ,Y 3 \ 
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. We have a*£$ = £. It is enough to show that a\(£ <g) Ch' 2 ) — 0 that is, 
So <g) a\(Ch> ) — 0. Thus it is enough to prove that a\(£h ' 2 ) — 0. Hence it is 
enough to show that for any s = (Tx, y. Yf, Y 2 , Y 3 ) G ( T\G ) x G x g 3 we have 
H* c ( a -\s),C K ) = 0. 

Let £/ = {|_ZT, E ', I?"| G G 4 ; E G n, E' G n, E" G n}; this is a closed subgroup of 

G 4 . 

We fix a representative x hiTx and we define a free C/-act ion on a _ 1 (s) by 

|£,£',£"| : (Tx, J /,X 1 ,X 2 ,X3,y 1 ,y 2 ,l3) ^ (Tx,y,X 1 + X E, 

X 2 + x E' + [ x E,X 1 ]/2,X 3 + x E" 

+ [ x E',X 1 ] - [ X E, [ x E,X 1 ]]/6 - [X u [ x E,X 1 ]]/3,Y 1 ,Y 2 ,Y 3 ). 


We verify that- this action is well defined (that is, the equations (b),(c) are pre¬ 
served). To show that (b) is preserved it is enough to verify that xy E — X E G x b 
or that xy x E — E G b; this follows from E G n, xyx~ l G B. To show that (c) 
is preserved it is enough to verify that 


xy E' + [ X yE, y X i]/2 — X E' — [ X E, Xi]/2 + [ xy E, YjJ/2 
— xE\/2 — [xyE, Xi]/2 — [ X yE, x E\f 2 — [Yf, x E\/2 G x b 


(when (b) holds) or that 

[xyE, y X 1 — X\ + Yi ]/2 + [ x E, y X 1 — Wi + Yf ]/2 — [ xy E, x E \/2 + xy E' — a ,!? 7 G x b 

and this follows from (b) and from xy E E x b, X E E x b, X yE' E x b, X E' G a; b. 

It is enough to show that for any t/-orbit O in a _1 (s) we have H*(0, £h' 2 ) = 0. 
We may identify O — Q using a base point ( T x ,y.X\.X 2 , X 3 . Y\. Y 2 . Yj) G (9 
(with a fixed representative x for Tx) and we identify Q = n 3 using [If, E', E"] GG 
(E, E',E"). Then h' 2 becomes a function h" : n 3 —> k of the following form (we 
have substituted Y\ — Xi — y X\ + x f3 where f3 G b): 

(£, E 1 , E") ^ h"(E, E', E") = { X A X , &) + { x A 2 , fc + £) + (xA 3 ,£3 + & + £3 > 

where 

x@ T xyE x E, 


£2 — y X 2 + [ay-E, yXij/2 — X 2 — [ X E, Xi]/2 + Y 2 

+ L,*i + xyE, * 1 - y X 1 + I /3]/2-[ y X 1 + xyE, X\ + x^]/2 


^2 = xy E ' - X E' 
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£3 — yX 3 — X 3 + Y 3 — [ X yE, [xyE, yX l ]]/6 — [yX 1 , [^.E, y Xl]]/3 

+ [*£, [ X E, Xj ]]/6 + [X 1} [ X E, X 1 ]]/3 

+ [yX 2 + [xy-E, j/^i]/2, Ad — y Xi + x j3\ + [X 2 + [ X E, Xi]/2, A'i + X E\ 

— [yX 2 + [zy-E’, yXij/2, A'i + X E] — [Y 2 , Xi + X E] 

— [ y X 1 + xy E, [ y X 1 + xy E, Xi — + x /3]\/6 

— [X\ — y X 1 + a/?, [ y Xi + xy E, Xi — + sc/3]]/3 

+ [Xi + X E, [ y Xi + a^E, -^1 — ?/^l + a;/?]]/2 

+ [yX 1 + xyE, [yATl + xyE, Xx + xE ]]/6 
+ + zyE, [-X"l — j/^l + xfii X\ + x E]]/6 

+ [-X"l — + ®/3, [y-^1 + zy-E, + a;E]]/6 

+ [Xi - + x /3, [X! - y X 1 + x p, X! + X E }}/6 

— [Xl + ^E, [ y Xi + xyE, X'l + x E]]/3 

— [Xi + X E, [Xi - y X 1 + x 0, X t + X E}]/ 3), 


£3 = + [*„£', y^l] - xE" ~ \ X E', Xi] 

+ [ yx E',X l - y X x + x p\ + [ x E',X 1 ] - [xyE',X 1 ], 

^ = [xE', x E}^\xyE', x E\. 

It is enough to show that for any fixed E',E" in n, the function E h -> h"(E) — 
h"(E, E', E") is affine linear and nonconstant. Let 

5 = y X 2 - X 2 + y 2 + [ y Xi, Y 1 ]/2 - [ y X u X x ]/2 - [Y u X 1 ]/2. 

A computation shows that 


£l — Cl G x'l, £2 — C*2 G aT, £3 — [xE, S'] — C 3 G x X\., £ 3 — C4 

where C\ , C 2 , C 3 , 64 are vectors in g independent of E. Moreover, £2 G ./.n, £3 G a; n. 
Since ( x Ai, x n) = 0, for some constant c G k we have 

K{E) = { x A 3 , \ x E,S]) + c={S,[ x A 3 , x E]) + c. 

In particular, E ha h'{(E) is affine linear on n. To show that it is nonconstant it 
is enough to show that E ha (S, [ X A 3 , X E]) is not identically zero. Assume that 
it is identically zero. Since E ha [A 3 , E] is a vector space isomorphism n —* n it 
would follow that (S, X E) — 0 for any £Gn hence S G ^(n- 1 -) that is, S G x b. This 
contradicts the definition of AT — A 3 and proves (a). 
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4.6. In this subsection we assume that r G {2, 3, 4}. From 4.2, 4.3, 4.4, 4.5 we see 
that 4.1(b),(c) hold. Hence 4.1(a) holds. Hence L = K[ 2A] ifr = 2, L = K[3A + 5] 
if r = 3 and L = K[ 4A + 25} if r = 4. 

Using now 2.1(b), 2.5(b), 3.3(b) we deduce the folowing result. 

Theorem 4.7. (a) L[rA] is a simple perverse sheaf on G r provided that r — 2 or 
r = 4. 

(b) If r — 3 we have p H l (L[rA ]) = 0 for i > 0 and p H°(L[rA}) = 0 is a simple 
perverse sheaf on G r . 

It is likely that in fact L[rA] is a simple perverse sheaf on G r for any r > 2. For 
r = 3 this would follow if the truth of the statements in 3.5 could be established. 
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